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In this Argos we want to learn about Arthur’s conjectures and theorems on the
classification of automorphic representations, by going through some concrete cal-
culations.
Specifically, Chenevier and Renard in [CR] calculate the number of level one, po-
larized, algebraic regular, cuspidal automorphic representations of GLn for small n
using Arthur’s classification: Let n ≥ 1 be an integer and let π be a cuspidal auto-
morphic representation of GLn over Q, such that
(a) (polarization) π∨ ∼= π ⊗ | · |w for some w ∈ Z,
(b) (conductor 1) πp is unramified for each prime p,
(c) π∞ is algebraic and regular.
Then we want to calculate the number of such representations for n ≤ 6 as a function
of the weights of π∞, which are integers k1 > k2 > · · · > kn obtained from π∞ via
its infinitesimal character. The main goal is to understand the proof of the following
theorem.

Theorem**. Let n ≤ 6. Then there is an explicit computable formula for the
number N(k1, . . . , kn) of cuspidal automorphic representations π of GLn satisfying
(a), (b) and (c) above and of weights k1 > k2 > · · · > kn.

Following [CR], the two stars ** indicate that the result is conditional on the as-
sumptions made in [A], especially on inner forms.
The above theorem has been proved by Chenevier and Renard in [CR] as a conse-
quence of Arthur’s multiplicity formula [A]. They also handle some bigger n, and
give some interesting applications.

Let us give a very brief introduction to a greatly simplified version of Arthur’s
multiplicity formula. Consider a semisimple Z-group G such that G(R) is compact.
Let LZ denote the (conjectural) Langlands group of Z and let

ψ : LZ × SL2(C)→ Ĝ

be a global Arthur parameter such that ψ∞ is an Adams-Johnson parameter. Denote

by πψ the irreducible admissible representation of G(A) which is G(Ẑ)-spherical and
with the Satake parameters and infinitesimal character determined by ψ according
to Arthur’s recipe. This uniquely determines πψ as G(R) is compact and connected.

Conjecturally any automorphic representation of G which is G(Ẑ)-spherical has the
form πψ for some ψ as above.

Denote also by e(ψ) the (finite) number of Ĝ-conjugacy classes of global Arthur
parameters ψ′ as above such that πψ′ ' πψ (for most ψ we have e(ψ) = 1).
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Then the multiplicity m(πψ) of πψ in L2(G(Q)\G(A)) is conjectured to be

(1) m(πψ) =


e(ψ) if ρ∨|Cψ = εψ,

0 otherwise.

Here the group Cψ is by definition the centralizer of Imψ in Ĝ, which is a finite
group. The character εψ is defined by Arthur (see [A]). To define the character ρ∨,

let ϕψ∞ : WR −→ Ĝ be the Langlands parameter associated by Arthur to ψ∞. First,

the centralizer in Ĝ of ϕψ∞(WC) is a maximal torus T̂ of Ĝ, so that ϕψ∞(z) = zλzλ
′

for some λ ∈ 1
2X∗(T̂ ) and all z ∈ WC, and λ is dominant with respect to a unique

Borel subgroup B̂ of Ĝ containing T̂ . Let ρ∨ denote the half-sum of the positive

roots of (Ĝ, B̂, T̂ ). As G is semisimple over Z and G(R) is compact, this is actually

a character of T̂ . Note that by construction, we have Cψ ⊂ T̂ and so formula (1)
makes sense.
Using Arthur’s multiplicity formula and various cases of Langlands functoriality we
can then (in the final three talks) determine the conjectural numbers of automorphic
representations in question. Here is a sample result that one obtains (see [CR,
Corollary** 1.11]):

Corollary**. (1) N(k1, . . . , k5, 0) vanishes for k1 < 23.
(2) There are exactly 7 tuples (k1, . . . , k5) with k1 = 23 such that N(k1, . . . , k5, 0)

is non-zero:

(23, 18, 14, 9, 5, 0), (23, 19, 13, 10, 4, 0), (23, 19, 15, 8, 4, 0), (23, 20, 14, 9, 3, 0),

(23, 20, 16, 7, 3, 0), (23, 21, 13, 10, 2, 0), (23, 21, 17, 6, 2, 0)

and for all of them N(k1, . . . , k5, 0) = 1.

Talks

1) The degenerate Weyl character formula
After recalling the Weyl character formula explain the degenerate Weyl character
formula following [CR, Section 2.2].

2) Classical semisimple groups over Z and their automorphic forms
Following [CR, 3.1-3.6] introduce the classical groups, in particular the Chevalley
groups SOp,q and the definite groups SOn. Prove that the class number h(G) of a
Chevalley group G is one [CR, Prop. 3.5]. Introduce the automorphic forms of level
one of classical semisimple groups and describe the special case of definite groups
[CR, Prop. 3.6].

3) Classification of the discrete series representations of real groups
Explain Langlands’ classification of the discrete series representations of real groups,
i.e. define discrete series L-parameters and their associated L-packets (see [K, Sec-
tion 7]).
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4) Endoscopy
Define endoscopic data as in [KS, Chapter 2] (see also [A, Section 3.2]). Explain
endoscopy for SL2(R) ([L, Section 4]).

5) Adams–Johnson packets
Following [CR, Appendix A] introduce Adams-Johnson parameters and the associ-
ated packets as well as their parametrization.

6) Arthur’s symplectic orthogonal alternative and global parameters
After recalling the Langlands parametrization of Πdisc(G) describe Arthur’s sym-
plectic orthogonal alternative [CR, Section 3.8]. Prove the results of [CR, Section
3.11] and introduce global Arthur parameters, both in terms of the conjectural Lang-
lands group, and the unconditional workaround for classical groups.

7) Global Arthur packets and the multiplicity formula
Describe the packet Π(ψ) associated with a global Arthur parameter ψ ([CR, Section
3.21]). Explain the multiplicity formula given in [CR, Conjecture 3.30].

8) Symplectic forms of GL4

Justify the formula for the number S(v, w) of level 1, symplectic, polarized, alge-
braic regular, cuspidal automorphic representations of GL4 of Hodge weights v, w.
Moreover explain how to compare automorphic representations of groups that are
related via a central isogeny [CR, Prop. 4.7].

9) Symmetric square and tensor product functoriality
Relate the dimensions of spaces of orthogonal forms and symplectic forms via Lang-
lands functoriality by proving [CR, Theorem 1.15].

10) Level one forms of GL6

Prove [CR, Theorem 1.5] in the case n = 6, see [CR, Chapter 5].
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